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An example of a four-dimensional conformal Ké&hler manifold with Norden
metric is constructed on a Lie group. The form of the curvature tensor is
obtained and the isotropic-Kéhler properties of the manifold are studied.

Introduction

Almost complex manifolds with Norden metric are originally introduced
in 7 as generalized B-manifolds. These manifolds are classified into eight
classes in 3, and equivalent characteristic conditions for each of the classes
are obtained in 4. Examples of the basic classes of the integrable almost
complex manifolds with Norden metric are given in L An example of the
only basic class of the considered manifolds with a non-integrable almost
complex structure is introduced in 6,

In this paper we present an example of a four-dimensional conformal
Kaéahler manifold with Norden metric which is obtained by constructing a
four-parametric family of Lie algebras. We obtain the form of the curva-
ture tensor and we study the conditions the given manifold to be isotropic
Kahlerian.

1. Almost complex manifolds with Norden metric

Let (M, J,g) be a 2n-dimensional almost complex manifold with Norden
metric, i.e. J is an almost complex structure and g is a metric on M such
that

PX =X, gJX,JY) = —g(X,Y) 1)
for all differentiable vector fields X, Y on M, i.e. X,Y € X(M).
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The associated metric g of g, given by g(X,Y) = g(X, JY), is a Norden
metric, too. Both metrics are necessarily neutral, i.e. of signature (n,n).

Further, X, Y, Z, W (z,y, z,w, respectively) will stand for arbitrary dif-
ferentiable vector fields on M (vectors in T, M, p € M, respectively).

If V is the Levi-Civita connection of the metric g, the tensor field F'
of type (0,3) on M is defined by F(X,Y,Z) = g ((VxJ)Y, Z) and has the

following symmetries
FX,)Y,Z2)=F(X,2,Y)=F(X,JY,JZ). (2)

Let {e;} (i = 1,2,...,2n) be an arbitrary basis of T,M at a point p
of M. The components of the inverse matrix of ¢ are denoted by ¢* with
respect to the basis {e;}. The Lie forms 6 and #* associated with F, and
the Lie vector 2, corresponding to 6, are defined by, respectively

0(z) = gV F(e;, e, 2), 0" =00J, 0(z) = g(z,Q). (3)

The Nijenhuis tensor field N is given as N(X,Y) = [JX,JY]—-[X,Y]—
J[JX,Y]—J[X,JY]. It is known 8 that the almost complex structure J is
complex, if and only if N = 0.

A classification of the almost complex manifolds with Norden metric is
3

according to the properties of F. The three basic classes and the class
W1 @ Wy of the complex manifolds with Norden metric are given by:

Wi i F(X,Y, Z) = 2= [9(X,Y)0(Z) + g(X, Z)8(Y)
+9(X, IY)O(JZ) + g(X, TZ)0(JY)];
Wy F(X,Y,JZ)+ F(Y,Z,JX)+ F(Z,X,JY) =0, 0=0; (4)
Wy : F(X,Y,Z)+ F(Y,Z,X)+ F(Z,X,Y) = 0;
Wy &Wy: F(X,Y,JZ)+ F(Y,Z,JX) + F(Z,X,JY) = 0.

introduced in “, where eight classes of these manifolds are characterized

The class W of the Kéhler manifolds with Norden metric is given by F' = 0.
Let R be the curvature tensor of V, ie. R(X,Y)Z = VxVyZ —
VyVxZ —Vxy)Z and R(X,Y,Z,W) = g(R(X,Y)Z,W).

The Ricci tensor p and the scalar curvatures 7 and 7 of R are given by:

p(y7z) :g”R(ez7Z/727€J)7 T:gup(ehe])a ;:gljp(ela‘]e]) (5)

It is well known that the Weyl tensor W on a 2n-dimensional pseudo-
Riemannian manifold (2n > 4) is determined by

WR2n1—2{w1(p)2nT—1m}’ ©)
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where
ﬂ-l(X7Ya Z7 W) = g(Y7 Z)g(Xa W) - g(Xa Z)g(Ya W)
The Weyl tensor vanishes if and only if the manifold is conformally flat.
Let o« = {z,y} be a non-degenerate two-plane spanned by the vectors
xz,y € T,M, p € M. Then, the sectional curvature of « is given by:
R(z,y,y, )
T (.13, Y, Y, J})

We consider the following basic sectional curvatures in 7, M with respect

v(esp) = (®)

to the structures J and g: holomorphic sectional curvatures if Ja = « and
totally real sectional curvatures if Ja 1L o with respect to g.
The square norm ||V.J||> of V.J is introduced in 5 by

IVII* = g"9"g (Ve Jex, (Ve, T)er) 9)
Then, the definition of F, (2) and (9) imply
IV I = g7 g™ g FirpFjig:  Fip = Flei, ex,ep). (10)

Definition 1.1. 0 An almost complex manifold with Norden metric, satis-
fying the condition ||VJH2 =0, is said to be isotropic K&hlerian.

9 that the curvature tensor R on any almost complex man-
ifold with Norden metric satisfies the identity

It is known

(VxF) (Y, Z,JW)—(VyF) (X, Z,JW) = R(X,Y, Z W)+R(X,Y, JZ, JW).

(11)

Further, by (2) and (3) we obtain the following properties:

(3
(VxF)(Y,2,W) = (VxF)(Y,W, Z);
(VxF)(Y,JZ,W) == (VxF)(Y,Z,JW) =g (VxJ)Z,(Vy J)W)
-9 (Vx )W, (Vy J)Z);
(Vx0*)Y = (Vx0)JY + F(X,Y,Q); 0(Q) = g g/ g((Ve, T ek, (Ve, J)er).
12

Let us denote 7 = g9’k R(e;, e;, Jex, Je). If R is a Kéhler tensor,(i.e).
if R(X,Y,JZ,JW)=—R(X,Y,Z,W), we have 7 = —.

Let (M, J,g) be in Wy @ Wy. Then, by (4) and (9) we get

29" 9" 9((Ve, Dew, (Ve, Ner) = [VI|*. (13)
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Theorem 1.1. On a complex manifold with Norden metric it is valid
*k ]-
T+ T +0(Q) — 2div(JQ) = o [V, (14)
where div(JQ) = V,;JiQF.

Proof. By the properties (12), from (11) we obtain

(VxF)(Y,Z,JW) + (Vy F) (X, W,JZ) + g(VxJ)Z,(Vy J)W) a15)
+9((Vx )W, (VyJ)Z) = R(X,Y,Z,W) + R(X,Y,JZ,JW).

Then, taking into account (12), (13) and Vg = 0, the total trace of (15)
implies (14). m

It has been proved 10 that on a Wi-manifold with Norden metric it is
valid |VJ|* = 26(Q) . Then, Theorem 1.1 induces

Corollary 1.1. On a W;-manifold with Norden metric we have

n—1
2

T+ 7 —2div(JQ) = — IV J°. (16)

The equality (16) and Definition 1.1 immediately imply

Corollary 1.2. A Wi -manifold with Norden metric is isotropic Kdhlerian
if and only if T+ T = 2div(JQ).

Further, let us consider the class Ws. By (4) and (14) it follows
Corollary 1.3. On a Wy-manifold with Norden metric it is valid
2(r+7) =[|VJ|*. (17)
Then, Corollary 1.3 and Definition 1.1 give rise to

Corollary 1.4. A Ws-manifold with Norden metric is isotropic Kdihlerian
if its curvature tensor R is Kdhlerian.

2. A Lie group as a four-dimensional conformal Kahler
manifold with Norden metric

Let g be a real four-dimensional Lie algebra corresponding to a real con-
nected Lie group G. If {X1, Xo, X3, X4} is a global basis of left invariant
vector fields on G and [X;, X;] = Cf; Xj, then the Jacobi identity is valid:

ChkClL +ChCl + Chcl, =o. (18)
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We define an almost complex structure on G by the conditions:
JX1=X3, JXo=Xy, JX3=-X;, JXy4=-Xo. (19)
Let us consider the left-invariant metric given by
9(X1, X1) = g(X2, X2) = —g(X3, X3) = —g(X4, Xy) =1, (20)
9(X;, X;) =0 for i # j.

The introduced metric is Norden because of (19). Hence the induced 4-
dimensional manifold (G, J, g) is an almost complex manifold with Norden
metric.

It is known 2 that an almost complex structure J on a Lie group G is
said to be abelian if

[JX,JY]=[X,Y] forall X,Y €g. (21)

From (21) we derive that the Nijenhuis tensor vanishes on g, i.e. J is a com-
plex structure. Thus, (G, J, g) is a complex manifold with Norden metric.
The well-known equality

29(VxY,Z) = Xg(Y, Z) +Yg(X,Z) - Zg(X,Y) (22)
+9([X, Y], 2) + (2, X],Y) + 9([2, Y], X)
implies

2F (X5, X5, Xy) = g ([Xi, JX;] = J[X5, X;], Xi) (23)

+9 ([ Xk, JXi] = [T Xy, Xi], X;) 4+ g (J[ X, X;] = [T X, X5), X) -

Let (G, J,g) be a Wi-manifold. Then, by (3), (4), (21) and (23) we get
Lemma 2.1. If (G, J, g) is a four-dimensional Wh -manifold, admitting an
Abelian complex structure, the Lie algebra g of G is given by:

Cly =}y = Cly, O3 =CF, — Cly, Cfy =Ch + Cly, Cly = —Cly = Cfy,
Cyy=—Cly = C}y, O3, =CP, +Cly, 03, =CF —Cly, C3y=CPy—Cly,
where ij eR (i,5,k =1,2,3,4) must satisfy the Jacobi identity (18),(24)

One solution to the equations (18) and (24) is the four-parametric family

of Lie algebras g defined by
(X1, Xy] = [X2, X5] = M X1 + Ao Xa + A3 X3 + M Xy,
[X1, X3] = —[Xo, X4] = Ao X1 — M X + M X5 — A3 Xy,

where A\; € R (i = 1,2,3,4). Thus, by (25) we obtain a four-parametric
family of four-dimensional WW;-manifolds with Norden metric.

(25)
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It has been proved 2 that if a Lie algebra admits an abelian complex
structure, then it is solvable. Therefore, the Lie algebras (25) are solvable.
By (20), (22) and (25) we obtain the non-zero components of the Levi-
Civita connection of (G, J, g):
Vx, X1 =Vx,Xo = Xs+ M Xy, Vx,X5=VyxXy=-MX1— Xy,
Vx, X3 =Vx,Xo=XX1 — A3Xy, Vx,Xy=-Vx,Xo=MX1+ A3X5,

VX2X4 = VX3X1 =M Xo — M X3, VX2X3 =—-Vx, X = Ao Xo 4+ N Xy

(26)

Then, by (19), (20) and (23) we get the following essential non-zero com-
ponents Fjj, = F(X;, X;, X,) of the tensor F":

$Fy20 = Fi1p = Fa1u = Ay, $Fi11 = Foig = —Fag = Ao, (27)

$Fu00 = —Fi14 = Fa1 = — )3, $F311 = Foig = Fyip = — 4.

Having in mind (1), (3) and (27), we compute the components 6; = 6(X;)
and 0 = 0*(X;) of the Lie forms 0 and 6*, respectively:
0r = =05 =4Xg, Oy = —0; =4X\1, O35 =07 =4\g, 04 =105 =4)3. (28)

A Wj-manifold with closed forms 6 and 6* is called a conformal Kdhler
manifold with Norden metric. The subclass of these manifolds is denoted
by WY. Such manifolds are conformally equivalent to Kéhler manifolds L

We establish that the Lie form 6* is closed on (G, J, g). Thus, we have

Proposition 2.1. The manifold (G, J,g) is conformal Kdhlerian if and
only if the Lie form 6 is closed, i.e. if and only if one of the conditions
holds: )\1 = )\47 )\2 = —)\3 or )\1 = —)\4, )\2 = )\3.

Next, by (2), (10) and (27) we get the square norm of V.J
IVJ|IP = 16(AF + A2 — A3 — A2). (29)

Proposition 2.2. The manifold (G, J, g) is isotropic Kdhlerian if and only
if the condition A3 + A3 — A2 — A7 = 0 holds.

Taking into account (20) and (26), we compute the non-zero components
Rijr = R(X;, X, X, X)) of the curvature tensor R as follows:

Rizo1 = A1 + A3, Rigsr = A\f — A3, Rigs = A} — A,

Rasza = A5 — A3, Rossz = A5 — A3, Rauz = —A3 — A,

Ri341 = Ragaz = — A1, Ra132 = —Ry134 = — A1 )3, (30)

Ri231 = —Ry234 = A1, Ro142 = —R3143 = A2 A3,

Ri241 = —R3243 = — A2y, R3123 = Ra124 = A3\
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Let us denote p;; = p(X;, X;). Then, by (1), (5) and (30) we obtain the
components of the Ricci tensor p:

pi1 =2(Af + 23— \)), P12 = —2A3)\4, P23 = 2A1 Ay,
p22 =2(A\f + A3 — A}), P13 = —2A1 A3, P24 = =224, (31)
p3z = 2(A] + A3 — \3), P14 = 2X2A3, P31 = —2A1 ),
a4 = 2(/\2 + 22— )
By (26) and (31) we get (inp)(Xj,Xk) =0 for all 4,5,k =1,2,3,4.
Proposition 2.3. The manifold (G, J,g) is Ricci-symmetric.
Next, by (1), (5) and (31) we obtain the the scalar curvatures as:
T=6(A\+A3 A2 )0),  T=—4(MAs+ Aa). (32)

Then, (32), Propositions 2.1 and 2.2 imply
Proposition 2.4. The considered manifold (G, J, g) has the properties:

(i) (G, J,g) is isotropic Kihlerian if and only if T = 0;
(ii) (G, J,q) is conformal Kihlerian if and only if 7 =7 = 0.

Let us consider the Weyl tensor of (G, .J,g). Taking into account (6),
(7), (30), (31) and (32), we get Wyjp = 0 for all 4,5, k,1 =1,2,3,4.

Proposition 2.5. The Weyl tensor of (G, J, g) vanishes. Thus, the curva-
ture tensor has the form R = {11(p) — Zm }.

By Propositions 2.4 and 2.5 we obtain

Proposition 2.6. If (G, J,g) is a conformal Kdhler manifold, then its cur-
vature tensor has the form R = 241 (p).

Further, (7), Vg = 0, Propositions 2.3 and 2.5 imply
Proposition 2.7. The manifold (G, J, g) is locally symmetric, i.e. VR = 0.

Let us consider the characteristic two-planes «;; spanned by the basic
vectors {X;,X,;} at an arbitrary point of the manifold: totally real two-
planes: a9, a4, aisz, az4 and holomorphic two-planes: a3, ag.

Then, by (7), (8), (20) and (30) we obtain

v(aie) = A3 4+ A3, v(aig) = A3 — A\, v(ong) = AT — A,

(33)
I/(Oé23) = )\% — )\%, Z/(Oé24) = /\% — )\%, V(Oé34) = —/\2 )\2.
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Proposition 2.8. If (G, J, g) is of vanishing holomorphic sectional curva-
tures, then it is isotropic Kdhlerian.

Finally, Propositions 2.2, 2.4 and 2.5 induce

Theorem 2.1. The following conditions are equivalent:

(i) (G, J,g) is isotropic Kdhlerian;

(ii) the condition A\? + A3 — A2 — A2 = 0 holds;
(iii) the scalar curvature T vanishes;

(iv) the curvature tensor has the form R = 311 (p);
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