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Abstract

The class of the manifolds which are conformal equivalent to the K&hler mani-
folds with Norden metric is considered. The curvature tensor on such four-dimensional
manifolds is obtained. The case of isotropic Kahler manifolds with Norden metric is
studied. The transformation of the Levi-Civita connections of the both Norden metrics
is considered. Some invariant tensors of this transformation are obtained.
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1 Preliminaries

Let (M, J, g) be a 2n-dimensional almost complex manifold with Norden metric, i.e. J is an
almost complex structure and g is a metric on M such that:

(1.1) X =-X, g(JX,JY)=—g(X,Y), X,Yex(M).

The associated metric g of g on M given by g(X,Y) = ¢g(X, JY) is a Norden metric, too.
Both metrics are necessarily of signature (n,n).

Further, X, Y, Z, W (z,vy, z, w, respectively) will stand for arbitrary differentiable vector
fields on M (vectors in T,M, p € M, respectively).

Let V be the Levi-Civita connection of the metric g. Then, the tensor field F' of type
(0,3) on M is defined by

(1.2) FX,Y,Z)=g((VxJ)Y,Z).
It has the following symmetries
(1.3) F(X,Y,2)=F(X,2,Y)=F(X,JY,JZ).

Let {e;} (i =1,2,...,2n) be an arbitrary basis of T, M at a point p of M. The compo-
nents of the inverse matrix of g are denoted by ¢/ with respect to the basis {e;}.
The Lie form 6 associated with F' is defined by

(1.4) 0(z) = g" F(e;, €j,%)

and the corresponding Lie vector is denoted by Q, i.e. 6(z) = g(z,Q).
A classification of the considered manifolds with respect to the tensor F' is given in
[1]. Eight classes of almost complex manifolds with Norden metric are characterized there



according to the properties of F'. The three basic classes W7, W5, W3 and the class W, & Ws
of the complex manifolds with Norden metric are given as follows:

Wi F(X,Y,Z) = & [g(X,Y)0(Z) + g(X, 2)0(Y)

1.5
(1.5) X, TY)B(IZ) + (X, T2V
Wa: F(X,Y,JZ) + F(Y,Z,JX)+ F(Z,X,JY) =0, 0=0;
Ws: F(X,Y,2)+ F(Y,Z,X)+ F(Z,X,Y) = 0;
(1.6) Wi Wa: F(X,Y,JZ)+ F(Y,Z,JX)+ F(Z,X,JY) = 0.

The special class Wy of the Kéhler manifolds with Norden metric belonging to any other
class is determined by the condition F' = 0.
Let R be the curvature tensor of V, i.e.

(1.7) R(X,Y)Z =VxVyZ - VyVxZ - Vixy|Z.

The corresponding tensor of type (0,4) is denoted by the same letter and is given by
R(X,Y,ZW)=g(R(X,Y)Z,W).

A tensor L of type (0,4) is called a curvature-like tensor if it satisfies the following
conditions for any X,Y, Z, W € X(M) :

L(X,Y,Z,W) = —L(Y, X, Z,W) = —L(X,Y, W, Z),
LX,)Y,Z W)+ L(Y,Z, X,W)+ L(Z,X,Y,W) =0.
Then, the Ricci tensor p(L) and the scalar curvatures 7(L) and 7%(L) of L are defined by:
(18) p(L)(y,2) = g7 Llei,y, 2 e5);  7(L) = g"p(L)(eire5);  7°(L) = g" p(L)(es, Te;).-
A curvature-like tensor L is called a Kdihler tensor if it satisfies the condition
(1.9) L(X,Y,JZ,JW) = —L(X,Y,Z,W),  X,Y,Z,W € X(M).

Further, let S be a symmetric and hybrid with respect to J tensor of type (0,2), i
S(JX,Y) = S(JY, X). We consider the following curvature-like tensors of type (0,4):

+ (X W)S(K Z) —g(Y, W)S(X7 Z);
(1.10) by (S) (X,Y, 2, W) = g(Y, JZ)S(X, JW) — g(X, JZ)S(Y, JW)
(X, JW)S(Y, JZ) — g(Y, JW)S(X, JZ);
T = %wl(g); T2 = %1/12(9)§ T3 = =1 (9) =¥ (9)-

It is well known that the Weyl tensor W on a 2n-dimensional pseudo-Riemannian man-
ifold (n > 2) is defined as follows

(1.11) - 2n1— 2 {wl(p) - 2nT— 17”} '

Let o = {z,y} be a non-degenerate 2-plane spanned by vectors z,y € T,M, p € M. The
sectional curvatures of o with respect to the curvature-like tensor L are given by

L L J
(1.12) WLip) = L@ 0:2) oy L@y Jr)
ﬂ-l(x7yvy7x) '/Tl((l',y,y,:l’)



The square norm ||V.J||* of V.J is defined in [3] by
(1.13) IV = 979" g (Ve D)er, (Ve, Ter) -
Following [3], [4] we define a second square norm ||V.J||? of V.J with respect to the associated
metric g by
(114 IV = 59545 (V. T)ers (V. D)

where g = —JigJ® are the components of the inverse matrix of g with respect to the basis
{ei}. Then, having in mind the definition (1.2) and the properties (1.3) of the tensor F,
from (1.13) and (1.14) we obtain that

(1.15) IV = g gM gP FinpFrg; VI = ~57 g" g" Fitp Fitg,
where Fip, = F(ej, e, €p).

Definition 1.1. An almost complex manifold with Norden metric satisfying the condition
[VJ||> = 0 is called an isotropic Kihler manifold with Norden metric.

Definition 1.2. An almost complex manifold with Norden metric satisfying the condition
[VJII> = |VJ||? =0 is called a strong isotropic Kihler manifold with Norden metric.

2 Complex connections and curvature tensors on con-
formal Kéhler manifolds with Norden metric

Let (M, J, g) be a Wi-manifold with Norden metric. The Lie forms 6 and 6* = fo.J are closed
on M if and only if (Vx0)Y = (Vy8) X and (Vx0)JY = (Vy0) JX. A Wi-manifold with
closed Lie forms is called a conformal Kahler manifold with Norden metric. The subclass of
these manifolds is denoted by WY.

In [2] is introduced a cannonical linear connection (so called B-connection) D on a
complex manifold with Norden metric as follows

1
(2.1) DxY =VxY = 57 (VxJ)Y.

It is shown that g and J are parallel with respect to the connection D. The curvature tensor
K of D is proved to be Kéhlerian.
In [6] is studied the Yano connection V' given by

1
VY = VxV + 2 {(VxJ) JY +2(Vyd) JX = (Vox )Y}

It is proved that the Yano connection is torsion-free and that V'J = 0 on a complex manifold
with Norden metric. In the same paper is obtained the Kéhler curvature tensor R’ of type
(0,4) of V' on a W{-manifold as follows

(22) B =R (42} (5) — ogta (M) — 5 (3, m) + Ay
where
0 S(X,Y) = (Vx) JY + = [0(X)0(Y) — 0(JX)0(JY)]

M(X,Y) = 0(X)0(Y) +6(JX
Then, having in mind (1.7), (2.1), (2.2) and (2.

0(JY).

we receive the following

)
3)



Theorem 2.1. The Kéhler curvature tensors of the connections D and V' coincide on a
conformal Kdhler manifold with Norden metric, i.e. K = R'.

Theorem 2.2. Let (M, J,g) be a four-dimensional almost complex manifold with Norden
metric and L be a Kdhler tensor on M. Then, the tensor L has the following form

(2.4) L =v(L){m —mo} +v*(L)ms.

Proof. It is known [5] that in the tangent space T,M, p € M, there exists a J-basis
{e1,e2,Je1, Jea} such that g(e;,e;) = —g(Je;, Jej) = 0s5, g(es, Je;) =0, 4,5 = 1,2. Then,
by the use of (1.9), (1.10), (1.12) and after straightforward calculations we prove the truth-
fulness of (2.4). O

From the last theorem and (1.8) it follows that
(2.5) v(L) = —=

Then, having in mind (2.2) and (2.3) for n = 2, (2.4), (2.5) and (1.8) we obtain the following

Theorem 2.3. Let (M, J,g) be a four-dimensional W{-manifold. Then, for the curvature
tensor R of the Levi-Clivita connection V we have

7 —div(JQ) tr.S* 1 1 T
R= T2 {m —mo} + —om — < {6 = 0} (9) + 5 {a(0) — g1}
(2.6)
1 [div(J) 7 0(Q)
1| 2 378 |™
where tr S* = ¢"S(e;, Jej) = —divQ + ﬂi_ﬂl forn =2, divQ = V,;Q and div(JQ) =
Vi(Ji0F).

The last theorem and (1.11) imply the following

Corollary 2.1. Let (M, J,g) be four-dimensional WY -manifold. Then, for the Weyl tensor
we have

T —div(JQ) tr S* 1 1 [div(JQ)

(%)
5 {m1 —ma} + 16 W3—§{¢1—¢2}(5)+4

T_ T
2 3 8 |'F

W =
Next, taking into account (1.5) and (1.15) we obtain that on a Wi-manifold
2 2 2 2
(27) IV = 26@), IV = ~2600)

and from (2.7) and Theorem 2.3 we receive

Corollary 2.2. Let (M, J,g) be a four-dimensional strong isotropic Kihler WY -manifold.
Then, for the curvature tensor R of V we have

— div(JQ div Q
R=Tm D) () oy - By 2y 0} (8) + 2 (s (0) — 1)
1[div(JQ) 7
+4[ 2 3]“



3 Invariant tensors of the transformation of the Levi-
Civita connections of ¢ and g on a W;-manifold

Let (M, J,g) be an almost complex manifold with Norden metric and V be the Levi-Civita
connection of the associated metric g. In [2] is considered the tensor

(XY, Z)=yg (ﬁxy —VxY, Z)
and is obtained that
(3.1) O(X,Y,7Z) = % {F(JZ,X,Y)-F(X,Y,JZ)-F(Y,X,JZ)}.

By the use of (1.5) and (3.1) we receive the following
Lemma 3.1. Let (M, J,g) be a Wi-manifold with Norden metric. Then, for the connections
V and V we have

(3.2) VxY =VxY + % [g(X, JY)Q — g(X,Y)JS).

Let R be the curvature tensor of V. Then, having in mind (1.7) and (3.2) we obtain

Theorem 3.1. Let (M, J,g) be a Wi-manifold with Norden metric. Then, the curvature
tensors R and R of type (1,3) are related as follows
R(X,Y)Z =R(X,Y)Z+ & {9(X,2) [VyJQ — 0(]Y)JQ)
(3.3) —9(Y,Z) [VxJQ— 5-0(JX)JQ] — g(X,JZ) [VyQ — 5-0(Y)JQ]
+9(Y,JZ) [VxQ — 5-0(X)JQ }.
Further, we consider the following tensors:
TV(X,Y)Z =R(X,Y)Z + 4 {9(X, 2) [Vy JQ — 5-60(JY)JQ]
—9(Y, Z) [VxJQ = £0(JX)JIQ] — g(X,JZ) [VyQ — 5=0(Y)JQ]
+9(Y,JZ) [VxQ — 5-0(X)JQ };
L(X,Y) = p(X,Y) = 55 [9(X,Y)7 = g(X, JY)7*];
T3(X,Y) = (Vx0) Y + 37 [9(X, Y)O(JQ) — g(X, JY)0()].

Then, by the use of (1.2), (1.4), (3.2), (3.3) and (Vx0)Y = X0(Y) — 6(VxY) we get the
following

Theorem 3.2. Let (M, J,g) be a Wi-manifold with Norden metric. Then, the Lie form~9
and the tensors Ty, T, T3 are invariant by the transformation of the connections Vand V.
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