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Abstract. An eight-parametric family of complex connections on a class of complex manifolds
with Norden metric is introduced. The form of the curvature tensor with respect to each of these
connections is obtained. The conformal group of the considered connections is studied and some
conformal invariants are obtained.
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INTRODUCTION

Almost complex manifolds with Norden metric were introduced by A. P. Norden [9]
and studied in [4] as generalizedB-manifolds. A classification of these manifolds with
respect to the covariant derivative of the almost complex structure is obtained in [1] and
two equivalent classifications were given in [2, 3].

An important problem in the geometry of almost complex manifolds with Norden
metric is the study of linear connections preserving the almost complex structure or
preserving both, the structure and the metric. The first onesare called almost complex
connections, and the second ones are known as natural connections. A special type of
natural connection is the canonical one. In [2] it is proved that on an almost complex
manifold with Norden metric there exists a unique canonicalconnection. The canonical
connection (called also theB-connection) and its conformal group on a conformal Kähler
manifold with Norden metric are studied in [3].

In [11] we have obtained a two-parametric family of complex connections on a
conformal Kähler manifold with Norden metric and have proved that the curvature
tensors corresponding to these connections coincide with the curvature tensors of the
canonical connections.

In the present work we continue our research of complex connections on the complex
manifolds with Norden metric by focusing our attention on the class of the conformal
Kähler manifolds, i.e., manifolds which are conformally equivalent to Käher manifolds
with Norden metric. We introduce an eight-parametric family of complex connections
on such manifolds and consider their curvature properties.We also study the conformal
group of these connections and obtain some conformal invariants. In the last section we
give an example of a four-dimensional conformal Kähler manifold with Norden metric,
on which the considered complex connections are flat.
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PRELIMINARIES

Let (M,J,g) be a 2n-dimensional almost complex manifold with Norden metric, i.e.,J
is an almost complex structure andg is a pseudo-Riemannian metric onM such that

J2x=−x, g(Jx,Jy) =−g(x,y),x,y∈ X(M) (1)

for all differentiable vector fieldsx, y onM.
The associated metric̃g of g given byg̃(x,y) = g(x,Jy) is a Norden metric, too. Both

metrics are necessarily neutral, i.e., of signature(n,n).
If ∇ is the Levi-Civita connection of the metricg, the fundamental tensor fieldF of

type(0,3) onM is defined by

F(x,y,z) = g((∇xJ)y,z) (2)

and has the following symmetries

F(x,y,z) = F(x,z,y) = F(x,Jy,Jz). (3)

Let {ei} (i = 1,2, . . . ,2n) be an arbitrary basis ofTpM at a point p of M. The
components of the inverse matrix ofg with respect to the basis above are denoted by
gi j . The Lie 1-formsθ andθ ∗ associated withF , and the Lie vectorΩ, corresponding
to θ , are defined by, respectively as

θ(x) = gi j F(ei ,ej ,x), θ ∗ = θ ◦J, θ(x) = g(x,Ω). (4)

The Nijenhuis tensor fieldN for J [7] is given by

N(x,y) = [Jx,Jy]− [x,y]−J[Jx,y]−J[x,Jy].

It is known [8] that the almost complex structure is complex if and only if it is integrable,
i.e., iff N = 0.

A classification of the almost complex manifolds with Nordenmetric is introduced in
[1], where eight classes of these manifolds are characterized according to the properties
of F . The three basic classesWi (i = 1,2,3) are given by
• the classW1

F(x,y,z) = 1
2n [g(x,y)θ(z)+g(x,Jy)θ(Jz)+g(x,z)θ(y)+g(x,Jz)θ(Jy)] (5)

• the classW2 of thespecial complex manifolds with Norden metric

F(x,y,Jz)+F(y,z,Jx)+F(z,x,Jy) = 0, θ = 0 ⇔ N = 0, θ = 0 (6)

• the classW3 of thequasi-Kähler manifolds with Norden metric

F(x,y,z)+F(y,z,x)+F(z,x,y) = 0. (7)

The special classW0 of theKähler manifolds with Norden metricis characterized by the
conditionF = 0 (∇J = 0) and is contained in each one of the other classes.
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Let R be the curvature tensor of∇, i.e., R(x,y)z = ∇x∇yz− ∇y∇xz− ∇[x,y]z. The
corresponding (0,4)-type tensor is defined byR(x,y,z,u) = g(R(x,y)z,u).

A tensorL of type (0,4) is called acurvature-liketensor if it has the properties ofR,
i.e.,

L(x,y,z,u) =−L(y,x,z,u) =−L(x,y,u,z)

L(x,y,z,u)+L(y,z,x,u)+L(z,x,y,u) = 0.
(8)

The Ricci tensorρ(L) and the scalar curvaturesτ(L) andτ∗(L) of L are defined by

ρ(L)(y,z) = gi j L(ei ,y,z,ej)

τ(L) = gi j ρ(L)(ei ,ej), τ∗(L) = gi j ρ(L)(ei ,Jej).
(9)

A curvature-like tensorL is called aKähler tensorif

L(x,y,Jz,Ju) =−L(x,y,z,u). (10)

Let Sbe a tensor of type (0,2). We consider the following tensors [3]

ψ1(S)(x,y,z,u) = g(y,z)S(x,u)−g(x,z)S(y,u)+g(x,u)S(y,z)−g(y,u)S(x,z)

ψ2(S)(x,y,z,u) = g(y,Jz)S(x,Ju)−g(x,Jz)S(y,Ju)
(11)

+g(x,Ju)S(y,Jz)−g(y,Ju)S(x,Jz)

π1 =
1
2

ψ1(g), π2 =
1
2

ψ2(g), π3 =−ψ1(g̃) = ψ2(g̃).

The tensorψ1(S) is curvature-like ifS is symmetric, and the tensorψ2(S) is curvature-
like if Sis symmetric and hybrid with respect toJ, i.e.,S(x,Jy) =S(y,Jx). In the last case
the tensor{ψ1−ψ2}(S) is Kählerian. The tensorsπ1−π2 andπ3 are also Kählerian.

The usual conformal transformation of the Norden metricg (conformal transforma-
tion of type I [3]) is defined by

g= e2ug (12)

whereu is a pluriharmonic function, i.e., the 1-formdu◦J is closed.
A W1-manifold with closed 1-formsθ andθ ∗ (i.e., dθ = dθ ∗ = 0) is called acon-

formal Kähler manifold with Norden metric. Necessary and sufficient conditions for a
W1-manifold to be conformal Kählerian are

(∇xθ)y= (∇yθ)x, (∇xθ)Jy= (∇yθ)Jx. (13)

The subclass of these manifolds is denoted byW 0
1 .

It is proved [3] that aW 0
1 -manifold is conformally equivalent to a Kähler manifold

with Norden metric by the transformation (12).
It is known that on a pseudo-Riemannian manifoldM (dimM = 2n≥ 4) the conformal

invariant Weyl tensor has the form

W(R) = R−
1

2(n−1)

{
ψ1(ρ)−

τ
2n−1

π1
}
. (14)
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Let L be a Kähler curvature-like tensor on an almost complex manifold with Norden
metric(M,J,g), dimM = 2n≥ 6. Then the Bochner tensorB(L) for L is defined by [3]

B(L) = L−
1

2(n−2)

{
ψ1−ψ2

}(
ρ(L)

)

+
1

4(n−1)(n−2)

{
τ(L)

(
π1−π2

)
+ τ∗(L)π3

}
. (15)

COMPLEX CONNECTIONS ON W1-MANIFOLDS

Definition 1 ([7]). A linear connection∇′ on an almost complex manifold(M,J) is said
to bealmost complexif ∇′J = 0.

We introduce an eight-parametric family of complex connections in the following

Theorem 1. On a W1-manifold with Norden metric there exists an eight-parametric
family of complex connections∇′ defined by

∇′
xy= ∇xy+Q(x,y) (16)

where the deformation tensor Q(x,y) is given by

Q(x,y) =
1
2n

[θ(Jy)x−g(x,y)JΩ]

+
1
n
{λ1θ(x)y+λ2θ(x)Jy+λ3θ(Jx)y+λ4θ(Jx)Jy

(17)
+λ5 [θ(y)x−θ(Jy)Jx]+λ6 [θ(y)Jx+θ(Jy)x]

+λ7 [g(x,y)Ω−g(x,Jy)JΩ]+λ8 [g(x,Jy)Ω+g(x,y)JΩ]}

with λi ∈ R, i = 1,2, ...,8.

Proof. By (5), (16) and (17) we verify that(∇′
xJ)y= ∇′

xJy−J∇′
xy= 0, and hence the

connections∇′ are complex for anyλi ∈ R, i = 1,2, ...,8.
Let us remark that the two-parametric family of complex connections obtained for

λ1 = λ4, λ3 =−λ2, λ5 = λ7 = 0, λ8 =−λ6 =
1
4, is studied in [11].

Let T ′ be the torsion tensor of∇′, i.e., T ′(x,y) = ∇′
xy− ∇′

xy− [x,y]. Taking into
account that the Levi-Civita connection∇ is symmetric, we haveT ′(x,y) = Q(x,y)−
Q(y,x). Then by (17) we obtain

T ′(x,y) =
1
n
{(λ1−λ5) [θ(x)y−θ(y)x]+ (λ2−λ6) [θ(x)Jy−θ(y)Jx]

(18)

+

(
λ3−λ6−

1
2

)
[θ(Jx)y−θ(Jy)x]+ (λ4+λ5) [θ(Jx)Jy−θ(Jy)Jx]

}
.
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It is easy to verify the following identities

S
x,y,z

T ′(x,y,z) = S
x,y,z

T ′(Jx,Jy,z) = S
x,y,z

T ′(x,y,Jz) = 0 (19)

whereS is the cyclic sum by the argumentsx,y,z.
Next, we obtain necessary and sufficient conditions for the complex connections∇′

to be symmetric (i.e.,T ′ = 0).

Theorem 2. The complex connections∇′ defined by (16) and (17) are symmetric on a
W1-manifold with Norden metric if and only ifλ1 =−λ4 = λ5, λ2 = λ3−

1
2 = λ6.

Then, by puttingλ1 = −λ4 = λ5 = µ1, λ2 = λ6 = λ3 −
1
2 = µ2, λ7 = µ3, λ8 = µ4

in (17) we obtain a four-parametric family of complex symmetric connections∇′′ on a
W1-manifold which are defined by

∇′′
xy = ∇xy+

1
2n

[θ(Jx)y+θ(Jy)x−g(x,y)JΩ]

+
1
n
{µ1 [θ(x)y+θ(y)x−θ(Jx)Jy−θ(Jy)Jx]

(20)
+µ2 [θ(Jx)y+θ(Jy)x+θ(x)Jy+θ(y)Jx]

+ µ3 [g(x,y)Ω−g(x,Jy)JΩ]+µ4 [g(x,Jy)Ω+g(x,y)JΩ]} .

The well-known Yano connection [12, 13] on aW1-manifold is obtained from (20) for
µ1 = µ3 = 0, µ4 =−µ2 =

1
4.

Definition 2 ([2]). A linear connection∇′ on an almost complex manifold with Norden
metric(M,J,g) is said to benatural if ∇′J = ∇′g= 0 (or equivalently,∇′g= ∇′g̃= 0).

From (16) and (17) we compute the covariant derivatives ofg andg̃ with respect to
the complex connections∇′ as follows

(
∇′

xg
)
(y,z) = −Q(x,y,z)−Q(x,z,y)

= −
1
n
{2[λ1θ(x)g(y,z)+λ2θ(x)g(y,Jz)+λ3θ(Jx)g(y,z)

+λ4θ(Jx)g(y,Jz)]+(λ5+λ7) [θ(y)g(x,z)+θ(z)g(x,y) (21)
−θ(Jy)g(x,Jz)−θ(Jz)g(x,Jy)]+(λ6+λ8) [θ(y)g(x,Jz)

+θ(z)g(x,Jy)+θ(Jy)g(x,z)+θ(Jz)g(x,y)] }

and

(
∇′

xg̃
)
(y,z) =−Q(x,y,Jz)−Q(x,Jz,y).

Then, by (21) we get the following

Theorem 3. The complex connections∇′ defined by (16) and (17) are natural on a
W1-manifold if and only ifλ1 = λ2 = λ3 = λ4 = 0, λ7 =−λ5, λ8 =−λ6.
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If we put λ8 = −λ6 = s, λ7 = −λ5 = t, λi = 0, i = 1,2,3,4, in (17), we obtain a
two-parametric family of natural connections∇′′′ defined by

∇′′′
x y = ∇xy+

1−2s
2n

[θ(Jy)x−g(x,y)JΩ]+
1
n
{s[g(x,Jy)Ω−θ(y)Jx]

(22)
+t [g(x,y)Ω−g(x,Jy)JΩ−θ(y)x+θ(Jy)Jx]} .

The well-known canonical connection [2] (orB-connection [3]) on aW1-manifold with
Norden metric is obtained from (22) fors= 1

4, t = 0.

Below we summerize the above results in the following table

Connection type Symbol Parameters

Complex ∇′ λi ∈ R, i = 1,2, ...,8.

Complex
symmetric

∇′′

µi , i = 1,2,3,4

µ1 = λ1 =−λ4 = λ5, µ2 = λ2 = λ6 = λ3−
1
2

µ3 = λ7, µ4 = λ8

Natural ∇′′′

s, t

s= λ8 =−λ6, t = λ7 =−λ5

λi = 0, i = 1,2,3,4.

Our next aim is to study the curvature properties of the complex connections∇′. Let
us first consider the natural connection∇0 obtained from (22) fors= t = 0, i.e.,

∇0
xy= ∇xy+

1
2n

[θ(Jy)x−g(x,y)JΩ] . (23)

This connection is a semi-symmetric metric connection, i.e., a connection of the form
∇xy+ω(y)x−g(x,y)U , whereω is a 1-form andU is the corresponding vector ofω, i.e.,
ω(x) = g(x,U). Semi-symmetric metric connections are introduced in [5] and studied
in [6, 14]. The form of the curvature tensor of an arbitrary connection of this type is
obtained in [14]. The geometry of such connections on almostcomplex manifolds with
Norden metric is considered in [10].

Let us denote byR0 the curvature tensor of∇0, i.e., R0(x,y)z = ∇0
x∇0

yz−
∇0

y∇0
xz− ∇0

[x,y]z. The corresponding tensor of type (0,4) is defined byR0(x,y,z,u) =

g(R0(x,y,)z,u). According to [14] it is valid

Proposition 1. On aW1-manifold with closed 1-formθ ∗ the Kähler curvature tensor R0

of ∇0 defined by (23) has the form

R0 = R−
1
2n

ψ1(P) (24)

where

P(x,y) = (∇xθ)Jy+
1
2n

θ(x)θ(y)+
θ(Ω)

4n
g(x,y)+

θ(JΩ)

2n
g(x,Jy). (25)
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Since the Weyl tensorW(ψ1(S)) = 0 (whereS is a symmetric (0,2)-tensor), from (24)
and (25) we conclude that

W(R0) =W(R). (26)

Thus, the last equality implies

Proposition 2. Let(M,J,g) be aW1-manifold with closed 1-formθ ∗, and∇0 be the nat-
ural connection defined by (23). Then, the Weyl tensor is invariant by the transformation
∇ → ∇0.

Further in this section we study the curvature properties ofthe complex connections
∇′ defined by (16) and (17). Let us denote byR′ the curvature tensors corresponding to
these connections.

If a linear connection∇′ and the Levi-Civita connection∇ are related by an equation
of the form (16), then, because of∇g= 0, their curvature tensors of type (0,4) satisfy

g(R′(x,y)z,u) = R(x,y,z,u)+(∇xQ)(y,z,u)− (∇yQ)(x,z,u)
(27)

+Q(x,Q(y,z),u)−Q(y,Q(x,z),u)

whereQ(x,y,z) = g(Q(x,y),z).
Then, by (16), (17), (24), (25), (27) we obtain the relation betweenR′ and R0 as

follows

R′(x,y,z,u) = R0(x,y,z,u)+g(y,z)A1(x,u)−g(x,z)A1(y,u)

+g(x,u)A2(y,z)−g(y,u)A2(x,z)−g(y,Jz)A1(x,Ju)

+g(x,Jz)A1(y,Ju)−g(x,Ju)A2(y,Jz)+g(y,Ju)A2(x,Jz)

+
[

λ5λ7−λ6λ8
n2 θ(Ω)+ λ7−λ5+2(λ5λ8+λ6λ7)

2n2 θ(JΩ)
]
{π1−π2}(x,y,z,u)

−
[

λ5λ8+λ6λ7
n2 θ(Ω)− λ6−λ8+2(λ5λ7−λ6λ8)

2n2 θ(JΩ)
]

π3(x,y,z,u)

(28)

where

A1(x,y) =
λ7

n

{
(∇xθ)y+

λ7

n
[θ(x)θ(y)−θ(Jx)θ(Jy)]

}

+
λ8

n

{
(∇xθ)Jy+

1−2λ8

2n
[θ(x)θ(y)−θ(Jx)θ(Jy)]

}

+
λ7(4λ8−1)

2n2 [θ(x)θ(Jy)+θ(Jx)θ(y)]

(29)

A2(x,y) = −
λ5

n

{
(∇xθ)y−

λ5

n
[θ(x)θ(y)−θ(Jx)θ(Jy)]

}

−
λ6

n

{
(∇xθ)Jy+

1+2λ6

2n
[θ(x)θ(y)−θ(Jx)θ(Jy)]

}

+
λ5(4λ6+1)

2n2 [θ(x)θ(Jy)+θ(Jx)θ(y)].
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We are interested in necessary and sufficient conditions forR′ to be a Kähler curvature-
like tensor, i.e., to satisfy (8) and (10). From (11), (28) and (29) it follows thatR′ is
Kählerian if and only ifA1(x,y) = A2(x,y). Hence we obtain

Theorem 4. Let (M,J,g) be a conformal Kähler manifold with Norden metric, and∇′

be the complex connection defined by (16) and (17). Then, R′ is a Kähler curvature-like
tensor if and only ifλ7 =−λ5 andλ8 =−λ6. In this case, from (16) and (17) we obtain
a six-parametric family of complex connections∇′ whose curvature tensors R′ have the
form

R′ = R0+
λ7

n
{ψ1−ψ2}(S1)+

λ8

n
{ψ1−ψ2}(S2)

+
λ7(4λ8−1)

2n2 {ψ1−ψ2}(S3)+
λ7(1−2λ8)θ(JΩ)

n2 {π1−π2} (30)

+
2λ7λ8θ(Ω)

n2 π3

where R0 is given by (24), (25), and

S1(x,y) = (∇xθ)y+
λ7

n
[θ(x)θ(y)−θ(Jx)θ(Jy)]−

λ7θ(Ω)

2n
g(x,y)

+
λ7θ(JΩ)

2n
g(x,Jy)

S2(x,y) = (∇xθ)Jy+
1−2λ8

2n
[θ(x)θ(y)−θ(Jx)θ(Jy)] (31)

+
λ8θ(Ω)

2n
g(x,y)+

(1−λ8)θ(JΩ)

2n
g(x,Jy)

S3(x,y) = θ(x)θ(Jy)+θ(Jx)θ(y).

From (30), (31) and Theorem 4 we get

Corollary 1. Let (M,J,g) be a conformal Kähler manifold with Norden metric and∇′

be the eight-parametric family of complex connections defined by (16) and (17). Then
R′ = R0 if and only ifλi = 0 for i = 5,6,7,8.

Let us remark that by puttingλi = 0 for i = 1,2,5,6,7,8 in (17) we obtain a two-
parametric family of complex connections whose Kähler curvature tensors coincides
with R0 on aW1-manifold with closed 1-formθ ∗.

Theorem 2 and Corollary 1 imply

Corollary 2. On a conformal Kähler manifold with Norden metric the Weyl tensor is
invariant by the transformation of the Levi-Civita connection in any of the complex
connection∇′ defined by (16) and (17) forλi = 0, i = 5,6,7,8.

Since for the Bochner tensor of{ψ1−ψ2}(S) it is valid B({ψ1−ψ2}(S)) = 0, where
S is symmetric and hybrid with respect toJ, from Theorem 4 and (11) it follows that

B(R′) = B(R0). (32)
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In this way we have proved the truthfulness of the following

Theorem 5. Let (M,J,g) be a conformal Kähler manifold with Norden metric, R′ be
the curvature tensor of∇′ defined by (16) and (17) forλ7 =−λ5, λ8 =−λ6, and R0 be
the curvature tensor of∇0 given by (23). Then the Bochner tensor is invariant by the
transformations∇0 → ∇′.

CONFORMAL TRANSFORMATIONS OF COMPLEX
CONNECTIONS

In this section we study the usual conformal transformations of the complex connections
∇′ defined in the previous section.

Let (M,J,g) and(M,J, ḡ) be conformally equivalent almost complex manifolds with
Norden metric by the transformation (12). It is known that the Levi-Civita connections
∇ and∇ of g andg, respectively, are related as follows

∇xy= ∇xy+σ(x)y+σ(y)x−g(x,y)Θ (33)

whereσ(x) = du(x) andΘ = gradσ , i.e., σ(x) = g(x,Θ). Let θ be the Lie 1-form of
(M,J,g). Then by (4) and (33) we obtain

θ = θ +2n
(
σ ◦J

)
, Ω = e−2u(Ω+2nJΘ

)
. (34)

In these settings is valid the following

Lemma 1. Let(M,J,g) be an almost complex manifold with Norden metric and(M,J,g)
be its conformally equivalent manifold by the transformation (12). Then, the curvature
tensors R andR of∇ and∇, respectively, are related as follows

R= e2u{R−ψ1
(
V
)
−π1σ

(
Θ
)}

(35)

where V(x,y) =
(
∇xσ

)
y−σ(x)σ(y).

Let us first study the conformal group of the natural connection ∇0 given by (23).
Equalities (23) and (33) imply that its conformal group is defined analytically by

∇ 0
x y= ∇0

xy+σ(x)y. (36)

It is known also that if two linear connections are related byan equation of the form
(36), whereσ is a 1-form, then the curvature tensors of these connectionscoincide iffσ
is closed. Hence, it is valid

Theorem 6. Let (M,J,g) be aW1-manifold with closed 1-formθ ∗. Then the curvature
tensor R0 of ∇0 is conformally invariant, i.e.,

R
0
= e2uR0

. (37)
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Further in this section we will assume that(M,J,g) is a conformal Kähler manifold
with Norden metric. Then(M,J,g) is a Kähler manifold and thusθ = 0. From (34) it
follows σ = 1

2n(θ ◦J). Then, from (16) and (17) we get∇ ′
= ∇ and henceR

′
= R for all

λi ∈ R, i = 1,2, ...,8. In particular,R
′
= R

0
. Then, Theorems 5 and (32) imply

Theorem 7. On a conformal Kähler manifold with Norden metric the Bochner curvature
tensor of the complex connections∇′ defined by (16) and (17) satisfying the conditions
λ7 = −λ5 and λ8 = −λ6 is conformally invariant with respect to the transformation
(12), i.e.,

B(R
′
) = e2uB(R′). (38)

Let us remark that the conformal invariancy of the Bochner tensor of the canonical
connection on a conformal Kähler manifold with Norden metric is proved in [3].

From Theorem 6 and Corollary 1 we obtain

Corollary 3. Let (M,J,g) be a conformal Kähler manifold with Norden metric and∇′

be a complex connection defined by (16) and (17). Ifλi = 0 for i = 5,6,7,8, then the
curvature tensor of∇′ is conformally invariant by the transformation (12).

AN EXAMPLE

Let G be a real connected four-dimensional Lie group, andg be its corresponding Lie
algebra. If{e1,e2,e3,e4} is a basis ofg, we equipG with a left-invariant almost complex
structureJ specified by the relations

Je1 = e3, Je2 = e4, Je3 =−e1, Je4 =−e2. (39)

We also define a left-invariant pseudo-Riemannian metricg onG by

g(e1,e1) = g(e2,e2) =−g(e3,e3) =−g(e4,e4) = 1

g(ei ,ej) = 0, i 6= j, i, j = 1,2,3,4.
(40)

Then, because of (1), (39) and (40),(G,J,g) is an almost complex manifold with Norden
metric.

Further, let the Lie algebrag be defined by the following commutator relations

[e1,e2] = [e3,e4] = 0

[e1,e4] = [e2,e3] = λ (e1+e4)+µ(e2−e3)

[e1,e3] =−[e2,e4] = µ(e1+e4)−λ (e2−e3)

(41)

whereλ ,µ ∈ R.
The well-known Koszul’s formula for the Levi-Civita connection of g on G, i.e., the

equality
2g(∇ei ej ,ek) = g([ei ,ej ],ek)+g([ek,ei],ej)+g([ek,ej ],ei) (42)
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and (40) imply that the following non-zero components of theLevi-Civita connection
are

∇e1e1 = ∇e2e2 = µe3+λe4, ∇e3e3 = ∇e4e4 =−λe1+µe2

∇e1e3 = µ(e1+e4), ∇e1e4 = λe1−µe3

∇e2e3 = µe1+λe4, ∇e2e4 = λ (e2−e3).

(43)

Then, by (2), (3) and (43) we compute the following essentialnon-zero components
Fi jk = F(ei ,ej ,ek) of F

2F111=F422= 2µ, F222=−F311= 2λ
F112=−F214= F314=−F412= λ , F212=−F114= F312=−F414= µ.

(44)

Having in mind (4) and (44), the componentsθi = θ(ei) andθ ∗
i = θ ∗(ei) of the 1-

formsθ andθ ∗, respectively, are

θ2 = θ3 = θ ∗
1 =−θ ∗

4 = 4λ , θ1 =−θ4 =−θ ∗
2 =−θ ∗

3 = 4µ. (45)

Via (4) and (45) we compute

Ω = 4µ(e1+e4)+4λ (e2−e3), JΩ = 4λ (e1+e4)−4µ(e2−e3)

θ(Ω) = θ(JΩ) = 0.
(46)

Due to the characteristic condition (5) and equalities (44), (45) we actually prove that
the manifold(G,J,g) with Lie algebrag defined by (41) belongs to the basic classW1.
Moreover, by (43) and (45) it follows that the conditions (13) hold and thus

Proposition 3. The manifold(G,J,g) defined by (39), (40) and (41) is a conformal
Kähler manifold with Norden metric.

According to the equations (23), (40), (43) and (45) the components of the natural
connection∇0 are given by

∇0
e1

e1 =−∇0
e4

e1 = µe2, ∇0
e2

e1 = ∇0
e3

e1 = λe2

∇0
e1

e2 =−∇0
e4

e2 =−µe1, ∇0
e2

e2 = ∇0
e3

e2 =−λe1

∇0
e1

e3 =−∇0
e4

e3 = µe4, ∇0
e2

e3 = ∇0
e3

e3 = λe4

∇0
e1

e4 =−∇0
e4

e4 =−µe3, ∇0
e2

e4 = ∇0
e4

e4 =−λe3.

(47)

By equation (47) we obtain thatR0 = 0. Then, by (24) and (25) the curvature tensorR
of (G,J,g) has the form

R=
1
4

ψ1(A), A(x,y) = (∇xθ)Jy+
1
4

θ(x)θ(y). (48)

Moreover, having in mind the equations (31), (43), (45) and (46), we compute that
S1 = S2 = S3 = 0. Hence, for the tensorsR′ of the complex connections∇′ given by
(30), is valid thatR′ = 0.

Proposition 4. The complex connections∇′ defined by (16) and (17) are flat on(G,J,g).
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