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1. PRELIMINARIES

Let (M, p,&,1m,9) be a (2n + 1)-dimensional almost contact man-
ifold with Norden metric (B-metric), i.e. (p,&,n) is an almost

contact structure, and g is a pseudo-Riemannian metric, called a
Norden metric (B-metric) such that [1]

p'r =~z +n(), ) =1,

g(ox, oy) = —g(z,y) + nlx)n(y).

The associated metric g of ¢ is defined by

g(z,y) = g(z, vy) +n(z)n(y)

and is a Norden metric, too. Both metrics are necessarily of signature
(n+1,n).



Let V be the Levi-Civita connection of g. The fundamental tensor F
is defined by

and has the following properties

F(x,y,2z) = F(x,z,y),
F(x, 0y, pz) = F(x,y,2) — F(x,§, 2)n(y) — F(x,y,§)n(2).

The following 1-forms are associated with F':

0(z) = g F(e;, €5, ), 0*(x) = g F(e;, pej, ),
wlz) = F(&, & ), w*=wo .

The corresponding vector field to w is denoted by €2, ie. w(x) =
g(z, ).



The Nijenhuis tensor N of the almost contact structure (¢, &, n) is
defined by 6]

N(z,y) = ©°[z,y] + [pz, py] — olez,y] — olz, vyl

+(Van)y.§ — (Vyn)z.§

The almost contact structure in said to be integrable if N = 0. In
this case the almost contact manifold is called normal [6].



A classification of the almost contact manifolds with Norden met-
ric is introduced in [1]. Eleven basic classes &F; (¢ = 1,2, ..., 11) are
characterized there according to the properties of F'.

The classes for which F'is expressed explicitly by the other structural
tensors are called main classes.

In the present work we focus our attention on the class F; given by

Fu: Flz,y,2) =nlz){nly)w(z) +nlz)w(y)}.



The curvature tensor R of V is defined as usually by

R(z,y)z = VaVyz = VyVyz =V

Y]~

and its corresponding tensor of type (0,4) is given by
R(x,y,z,u) = g(R(x,y)z,u).

The Ricci tensor p and the scalar curvatures 7 and 7* are defined by,
respectively

p(y,2) = g’ Rie;,y,z,e5),  T=g"7plej,e;), 17 =g7ple;, pe;).

R is called a @-Kahler-type tensor if

R(ZC‘, Yy, Yz, qu> — —R(ZC, Y, <, U)



Let a = {x,y} be a non-degenerate 2-section spanned by the vectors
z,y € TpM, p € M. The sectional curvature of « is defined by

R(z,y,y, )

Lo p) =
(@) m(x,y,y,x)

where T (2, y, 2, u) = g(y, 2)9(z,u) — g(x, 2)g(y, u).

In |5] there are introduced the following special sections in Ty, M:
e a {-section if a = {x, &}
e a (o-holomorphic section it pa = «;

e a totally real section if pa L a with respect to g.



The square norms of Vi, Vn and V¢ are defined by, respectively [3]:
HVSOHQ — gijgksg (VeZ-%O)@ka (Ve p)es |
J
[Vnl]* = [IVEI1? = gY " (Vem)er(Ve n)es.

Definition 1.1. An almost contact manifold with Norden metric is
called isotropic Kahlerian it

Vel =[IVallP=0  (|IVell* = [|VE|IF =0).



2. CURVATURE PROPERTIES OF J1;-MANIFOLDS

Proposition 2.1. On a Jj-manifold it is valid

[Voll” = —[IN|* = =2/|Vn||* = 20(%).

Corollary 2.1. On a JFjj-manifold the following conditions are
equivalent:

(i) the manifold is isotropic Kéhlerian;
(ii) the vector € is isotopic, i.e. w(€2) = 0;

(iii) the Nijenhuis tensor N is isotropic.



Proposition 2.2. On a J{j-manifold we have
T+ 77 = 2div(Q) = 2p(§, §),

where 75 = g gI" R(e;, e, pey, pes).

Proposition 2.3 The curvature tensor of a F1;-manifold with Nor-
den metric satisfies

R(z,y, 0z, pu) = —R(x,y, z,u) + Y4(5) (2, y, 2, u),

where the tensor 14(S) is defined by [4]

Va(S)(x,y, z,u) = n(y)n(2)S(z,u) — n(z)n(z)S(y, u)
+n(x)n(u)S(y, z) —nly)n(uw)S(z, 2).

S(x,y) = (Vaw)py — w(ex)w(ey).



Proposition 2.4. The curvature tensor of a F1{-manifold with Nor-
den metric is p-Kaherian iff

(Vaw™)y = n(z)n(y)w(Q) +w*(z)w™(y),

where w* = w o .



3. AN EXAMPLE

Let G be a (2n + 1)-dimensional real connected Lie group, and g be
its corresponding Lie algebra. If {zq, x1,...,xo,} is a basis of left-
invariant vector fields on GG, we define a left-invariant almost contact

structure (p, &, n) by
OT; = Tjrn, PTiyn = —T;,  wxg =0, 1=1,2,...,n,
£ = 1, n(xg) = 1, n(z;) =0, Jj=12,..,2n
We also define a left-invariant pseudo-Riemannian metric g on G by
9(@o, x0) = (x4, i) = —9(Tjpn, Titn) =1, 1=1,2,...n,

glxzjxzp) =0, j#k, Jk=0,1,,..,2n.

Then, (G, @, &, n, g) is an almost contact manifold with Norden met-
IiC.



Let the Lie algebra g of G be given by the following non-zero com-
mutators

z;, x| = Az, i=1,2,...,2n, (3.1)

where \; € R.

Equalities (3.1) determine a 2n-parametric family of solvable Lie al-
gebras.

Further, we study the manifold (G, ¢, &, 1, g) with Lie algebra g de-
fined by (3.1).



The components of the Levi-Civita connection:
szxj — szf — O, V§ZCZ — _)\Z€7 7/,] — ].7 2, ceey 2’n,

ng = 22:1()\/@3% — Aetn@hyn)-
The essential non-zero components of F":

F(fafaxl) — w(xl) — _)‘i+n7 F(fagaxi—l—n) — W(Ii+n) — )\’ia

1 =1,2,...,n.

Proposition 3.1. The almost contact manifold with Norden metric
(G, ¢, &,m, g) defined by (3.1) belongs to the class Fij.

Remark 3.1. The considered manifold has closed 1-forms w and

w*.



Curvature properties

e The components of the curvature tensor R:

R(CEi,g,f,CIij) — —)\7;)\]', i,j — 1,2, ...,Qn.

Because of R(x;, z;, pxy, pxs) = 0 for all 4, j,k, s =0,1,...,2n and
Proposition 2.3 we obtain

Proposition 3.2. The curvature tensor and the Ricci tensor of the
F11-manifold (G, ¢, &, n, g) defined by (3.1) have the form, respec-
tively

R=19y(5),  plz,y)=n@)ny)tsS + S(z,y),

where S(x,y) = (Vaw)oy — w(or)w(ey) and trS = div(e€).



e The essential components of the Ricci tensor p:
p(:l?i, ZC]> — _)‘i)‘ja 1 = 1, 2, ceny 2n,

p(6,6) = = The (A = M)

e The scalar curvatures T and 7

n

n
r==23 (B -2), T =2 M
k=1 k=1



e Sectional curvatures:

The characteristic 2-sections c;; spanned by the vectors {x;, x;} are
the following:

§-sections ag; (1 =1,2,...,2n)
i-holomorphic sections a; j1p (1 =1,2,...,n)
the rest a;; are totally real sections.

Proposition 3.3. The F{{-manifold with Norden metric (G, , &, n, g)
defined by (3.1) has zero totally real and ¢-holomorphic sectional cur-
vatures, and its &-sectional curvatures are given by

k(OzOﬂ') - — L N 1 = 1,2, ...,2n.



Isotropic Kaher properties

e The vector field €2 corresponding to the 1-form w:

n n
__“EE:<Ak+n$k4"Akxk+n)a j{:(: k+n)'

k=1 k=1

Proposition 3.4. The F{{-manifold with Norden metric (G, @, &, n, g)
defined by (3.1) is isotropic Kéahlerian iff the condition

n

Z <A2 )‘k+n) =0

k=1
holds.
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